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If long wavelength primordial tensor modes are coupled to short wavelength scalar modes, the
scalar curvature two-point function will have an off-diagonal component. This ‘fossil’ remnant is a
signature of a mode coupling that cannot be achieved in single clock inflation. Any constraint on its
presence allows a cross check of the relationship between the dynamical generation of the fluctuations
and the evolution of the inflationary background. We use the example of non-Bunch Davies initial
states for the tensor and scalar modes to demonstrate that physically reasonable fossils, consistent
with current data, can be observable in the near future. We illustrate how the fossil off-diagonal
power spectrum is a complementary probe to the squeezed limit bispectra of the scalar and tensor
sectors individually. We also quantify the relation between the observable signal and the squeezed
limit bispectrum for a general scalar-scalar-fossil coupling, and note the effect of superhorizon tensor
modes on the anisotropy in scalar modes.
1. INTRODUCTION
The observation of primordial gravitational waves
would be an extremely important verification of the in-
flationary scenario and would give us a key piece of in-
formation - the energy scale of inflation. Furthermore,
a measurement of a red tilt in the tensor mode power
would be very strong evidence for inflation itself. How-
ever, both the characteristics of inflationary gravitational
waves and the range of their observable consequences
are in fact richer than just the power spectrum of B-
modes in the CMB. Primordial tensor fluctuations can
also affect observed Large Scale Structure statistics [1, 2]
and 21-cm radiation [3, 4] through intrinsic distortion
of the geometry as well as lensing effects. Furthermore,
the tensor fluctuations sourced during inflation have self-
interactions as well as interactions with the scalar fluc-
tuations, as computed in [5, 6]. Although measuring the
non-Gaussianity of just the tensor modes may be out of
reach for the foreseeable future [7] (or maybe not [8]),
it has been suggested [3, 9–11] that in some cases the
three-point correlation of two scalar modes and one ten-
sor mode (more generally, any primordial “fossil” field
coupled to scalar modes) is observable in Large Scale
Structure or the CMB as an anisotropic contribution to
the scalar power spectrum.
In single-clock inflation the squeezed limit of
the tensor-scalar-scalar bispectrum, in which short-
wavelength scalar modes couple to long-wavelength ten-
sor modes, is fixed in terms of the power spectra by a con-
sistency relation [5, 12]. The observed bispectrum van-
ishes in the exact squeezed limit [13], so long wavelength
modes merely rescale the local background and have only
a small, infrared-suppressed effect on local statistics [14].
For the scalar perturbations alone, there are several
ways to relax the single-clock conditions necessary for
the consistency relation and to generate a physical cou-
pling between long and short wavelength modes. All of
them work by allowing additional dynamical freedom in
the scalar fluctuations that is not associated purely to the
evolution of the nearly de Sitter background. For exam-
ple, the curvature mode can evolve outside the horizon
if there are scalar fields other than the inflaton (isocur-
vature modes) or if a non-attractor phase of inflation
preceded the usual slow-roll [15–19]. Allowing a non-
Bunch Davies initial state for the fluctuations can also
lead to a non-trivial squeezed limit for the scalar bispec-
trum [20, 21]. Depending on the range of initial states
considered, the full bispectrum can also be enhanced
in other configurations compared to single-field inflation
where modes begin in the Bunch-Davies state [22–31].
There has so far not been as much theoretical effort put
into trying to break the standard slow-roll relationships
between the properties of the tensor fluctuations and the
inflationary background, although a few proposals exist
for generating a blue tensor index from inflation (solid
inflation [32] and ‘generalized G-inflation’ that gives the
tensors an evolving sound horizon [33]). Here, to be illus-
trative, we will alter the typical inflationary signatures of
correlations beyond the power spectrum by considering
a general class of non-Bunch-Davies initial states for the
tensor and scalar modes. This will allow us to explore
the qualitative observational features of allowing up to
three separate clocks: one for the background, one for the
scalar modes, and one for the tensors. We are interested
in the case with a fossil signature, which is generically
accompanied by a non-negligible squeezed limit bispec-
trum of scalars and/or tensors. Depending on how many
separate clocks are physically realizable, a “fossil” might
be accompanied by related observational signals in the
scalar sector (for example, the halo bias [34, 35]) and/or
in the gravitational sector.
The plan of the paper is as follows: In Section 2 we
compute the fossil gravitational wave signature follow-
ing the method of [9]. We begin with the three-point
function with generalized initial states for the scalar and
tensor modes and compute the signal-to-noise for the lo-
cal anisotropy in the scalar power spectrum. We study
its dependence on the occupation numbers for scalar and
tensor excitations and on the range of excited modes. In
Section 3 we consider a general scalar-scalar-fossil cor-
relation and show the dependence of the signature on
the fossil power spectrum amplitude and bispectrum am-
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2plitude and squeezed-limit, considering in particular the
case of primordial tensor modes. In Section 4 we com-
ment on the effect of superhorizon tensor modes on local
anisotropy in the scalar power spectrum. We conclude in
Section 5.
2. A GENERALIZED INITIAL STATE AND THE
GRAVITATIONAL FOSSIL
Since it is unlikely that inflation lasted forever, and
since any theory of inflation is anyway likely to be only
an effective description valid below some energy scale, it
is quite reasonable to allow a non-Bunch-Davies initial
state for primordial scalar or tensor modes. While an
application of the cosmological principle suggests that it
is a fine-tuning to insist that the deviation from Bunch-
Davies is significant on the scales corresponding to those
we observe in the CMB, it is not at all clear how to put
a measure on models of inflation and how long inflation
might have lasted. The possibility of deviations from
Bunch-Davies is an important conceptual point about
the inflationary paradigm and understanding the obser-
vational possibilities, which can be ruled out, is useful in
deciding which aspects of inflation theory can be robustly
tested.
In the scalar sector, deviations from a Bunch-Davies
state at the onset of inflation can result, for example,
from a previous non-attractor phase [22], a previous
phase with anisotropic expansion [36, 37], tunneling from
a false vacuum followed by inflation within the bubble
[23, 24, 38], or ultraviolet completions of inflation such
as loop quantum gravity [39]. An effective field theory
treatment of the scalar fluctuations that parametrizes
non-Gaussian effects in terms of an energy scale M (with√
Mp ≤M > H), should also incorporate the possibility
of a generic initial state [25] for modes near the scale M .
Less work has been put into examples of modifications
of the initial state for tensor modes. Carney et. al. [40]
found that pre slow-roll dynamics for the inflaton will not
affect the quadratic action for tensor modes, which will
remain in the vacuum state. However, more generically
it seems reasonable to allow the initial state of both ten-
sor and scalars to be modified in independent ways. In
the next section we work out the bispectrum for one ten-
sor mode and two scalars from the standard inflationary
action but allowing non-Bunch Davies states.
2.1. Scalar-scalar-tensor bispectrum
Consider an initial state for the scalar (ζ) and tensor
(γ) fluctuations that is a general Bogoliubov transforma-
tion of the Bunch-Davies state:
ζk(η) = u˜
(s)
k (η)ak + u˜
(s)∗
k (η)a
†
−k,
γpk(η) = u˜
(t)
k (η)a
p
k + u˜
(t)∗
k (η)a
p†
−k, (1)
where ak, a
†
k and a
p
k, a
p,†
k are canonical creation and an-
nihilation operators for scalar and tensor modes respec-
tively, p labels the graviton polarization, and u˜(s),(t) in-
cludes the Bogoliubov transformation on the scalar and
tensor mode functions,
u˜
(s)
k (η) = α
(s)
k u
(s)
k (η) + β
(s)
k u
∗(s)
k (η),
u˜
(t)
k (η) = α
(t)
k u
(t)
k (η) + β
(t)
k u
∗(t)
k (η). (2)
Here, u
(s)
k (η) =
H2
φ˙
1√
2k3
(1 + ikη)e−ikη, and u(t)k (η) =
H
Mp
1√
k3
(1 + ikη)e−ikη. The normalization conditions are
|α(s)k |2 − |β(s)k |2 = 1,
|α(t)k |2 − |β(t)k |2 = 1. (3)
The power spectra are defined in terms of the two-point
functions,
〈ζk1ζk2〉 = (2pi)3δ3(k1 + k2)Pζ(k1),
〈γpk1γ
p′
k2
〉 = (2pi)3δ3(k1 + k2)δpp′P pγ (k1). (4)
We will define η0 as the earliest (conformal) time where
we expect the inflationary description to be valid. In
specific scenarios with a pre-inflationary era, η0 would
be the beginning of standard slow-roll inflation. Alter-
natively, η0 might be the earliest time when all modes
of observational relevance had physical scale below some
maximum energy scale M we understand, k/a(η0) .M .
The scale M should be well above the Hubble scale for
inflation, M  H, in order for the classical inflationary
background to be valid. For modes that are well within
the horizon during inflation, |kη0|  1, the scalar and
tensor power spectra are, respectively,
Pζ(k) =
H2
2M2p
1
2k3
|α(s)k + β(s)k |2 (5)
where  ≡ φ˙22H2M2p , and
P pγ (k) =
4H2
M2p
1
2k3
|α(t)k + β(t)k |2 . (6)
In both cases, the β(s),(t)(k) → 0 sufficiently rapidly for
k > a(η0)M to avoid any back reaction that would spoil
the inflationary background. The tensor-to-scalar ratio
is
r ≡
∑
p P
p
γ
Pζ
= 16
|α(t)k + β(t)k |2
|α(s)k + β(s)k |2
. (7)
The extra factors must be consistent with the observed
near scale-invariance of the scalar power spectrum but
can alter the standard slow-roll consistency relations. In
particular, some functions α(s),(t), β(s),(t) could suppress
the tensor-to-scalar ratio enough to allow high energy
scale or large field models of inflation to be consistent
3with Planck satellite constraints [41]. Given the normal-
ization condition Eq. (3) we can write
|α(s)k + β(s)k |2 = 1 + 2|β(s)k |2 (8)
+2
√
|β(s)k |2(|β(s)k |2 + 1) cos Θ(s),
|α(t)k + β(t)k |2 = 1 + 2|β(t)k |2
+2
√
|β(t)k |2(|β(t)k |2 + 1) cos Θ(t),
where Θ(s) is the relative phase between α
(s)
k and β
(s)
k ,
and Θ(t) is defined similarly.
During inflation the tensor (γp with two polarizations
p) and scalar (ζ) fluctuations are coupled gravitationally,
giving rise to a three point correlation
〈γp(k1)ζ(k2)ζ(k3)〉 ≡ (2pi)3δ3(
∑
ki)Bp(k1, k2, k3).
Following Maldacena’s calculation [5] using the in-in for-
malism [42] for the Bunch-Davies case, and using the
modified mode functions in Eq. (2), we find that for
modified initial states
Bp(k1, k2, k3) = 4
H6
M2p φ˙
2
1∏
2k3i
pijk
i
2k
j
3
∫ 0
η0
−idη
η2
(α
(t)
k1
+ β
(t)
k1
)(α
(t)∗
k1
(1− ik1η)eik1η + β(t)∗k1 (1 + ik1η)e−ik1η)
×(α(s)k2 + β
(s)
k2
)(α
(s)∗
k2
(1− ik2η)eik2η + β(s)∗k2 (1 + ik2η)e−ik2η)
×(α(s)k3 + β
(s)
k3
)(α
(s)∗
k3
(1− ik3η)eik3η + β(s)∗k2 (1 + ik3η)e−ik3η)
+c.c.
= 4
H6
M2p φ˙
2
1∏
2k3i
pijk
i
2k
j
3(α
(t)
k1
+ β
(t)
k1
)(α
(s)
k2
+ β
(s)
k2
)(α
(s)
k3
+ β
(s)
k3
)
×
[
α
(t)∗
k1
α
(s)∗
k2
α
(s)∗
k3
I(k1, k2, k3; η0) + β
(t)∗
k1
α
(s)∗
k2
α
(s)∗
k3
I(−k1, k2, k3; η0)
+α
(t)∗
k1
β
(s)∗
k2
α
(s)∗
k3
I(k1,−k2, k3; η0) + α(t)∗k1 α
(s)∗
k2
β
(s)∗
k3
I(k1, k2,−k3; η0)
+β
(t)∗
k1
β
(s)∗
k2
α
(s)∗
k3
I(−k1,−k2, k3; η0) + β(t)∗k1 α
(s)∗
k2
β
(s)∗
k3
I(−k1, k2,−k3; η0)
+α
(t)∗
k1
β
(s)∗
k2
β
(s)∗
k3
I(k1,−k2,−k3; η0) + β(t)∗k1 β
(s)∗
k2
β
(s)∗
k3
I(−k1,−k2,−k3; η0)
]
+c.c., (9)
where
I(p1, p2, p3) = −(p1 + p2 + p3) +
∑
i>j pipj
p1 + p2 + p3
+
p1p2p3
(p1 + p2 + p3)2
−ei(p1+p2+p3)η0
[ ∑
i>j pipj
p1 + p2 + p3
+
p1p2p3(1− i(p1 + p2 + p3)η0)
(p1 + p2 + p3)2
+
i
η0
]
, (10)
and pt = p1 + p2 + p3. For the permutations in Eq. (9), pt will be either kt or combinations such as k1 − k2 + k3.
To evaluate the time integrals in the first expression of
Eq.(9), we have used, for example, that the integral for
the ααα permutation term is Iααα ≡ −
∫ 0
η0
i
dη
η2
∏
i
(1− ikiη)eikiη
= eiktη
{∑
i<j kikj
kt
+
k1k2k3
k2t
(1− iktη) + i
η
} ∣∣∣∣0
η=η0
,
= I(k1, k2, k3) + lim
η→0
i
η
eiktη.
The divergent iη piece comes from the
1−iktη
η2 part of the
4integrand and is purely imaginary and independent of
the ki in the η → 0 limit. We can therefore factor this
piece outside of the permutations, with a change of sign
in each of the conjugate pieces to see that the Bogoliubov
coefficients of this imaginary, divergent, piece multiply to
a real quantity,
(α
(t)
k1
+ β
(t)
k1
)(α
(s)
k2
+ β
(s)
k2
)(α
(s)
k3
+ β
(s)
k3
)
× [(α(t)k1 + β
(t)
k1
)(α
(s)
k2
+ β
(s)
k2
)(α
(s)
k3
+ β
(s)
k3
)]∗ , (11)
which is canceled by its complex conjugate in the first
expression of Eq.(9), leading to the second expression.
For Bunch-Davies initial states, α
(s)
k = α
(t)
k = 1 and
β
(s)
k = β
(t)
k = 0, Eq. (9) reduces to Eq. (4.10) of [5]
if we take η0 → −∞ with the contour prescription used
there.1
It follows from Eq. (9) that an excited initial state can
lead to a large three-point correlation in the squeezed
limit in the coordinate frame appropriate for late-time
observers. It was shown in [13] that moving to this frame,
described with conformal Fermi Normal Coordinates, in-
troduces another term in the three-point function in the
squeezed limit kL ≡ k1  k2 ' k3 ≡ kS ,
Bobsp (kL, k2, k3) = Bp(kL, k2, k3) (12)
+
1
2
P pγ (kL)Pζ(kS)
p
ijk
i
Sk
j
S
∂ lnPζ(kS)
∂ ln kS
.
When the consistency relation of single-clock inflation is
satisfied the additional term in Eq. (13) cancels the first
term in the exact squeezed limit (to order (kL/ks)
2). In
that case there is no physical correlation with long wave-
length modes and the apparently nonvanishing squeezed
limit is a gauge artifact (see [43] for an earlier version of
this argument). With a general initial state, the consis-
tency relation need not hold: for a finite range of modes,
a small physical coupling between long and short wave-
length modes is consistent with inflationary expansion of
the background even though the correlation is not gen-
erated by the background2. The permutations in Eq.
(9) proportional to β(i) can dominate the squeezed limit
on some scales, yielding a physical coupling between a
long wavelength tensor mode with the short wavelength
fluctuations that can be seen in the observer’s reference
1 We have an extra factor of two; this comes from the tensor power
spectrum Eq. (6), which is consistent with the consistency rela-
tion r = 16 in the Bunch-Davies case and differs from that in
[5] by a factor of two.
2 In other words, the consistency relation in the exact squeezed
limit kL/kS → 0 is not violated. We are only computing cor-
relation functions for modes that are subhorizon at the onset of
the inflationary era, |kLη0| & 1, and longer wavelength modes
are treated as part of the background. Taking η0 farther into
the past tightens the back-reaction bound on β(s) [26], so that
taking η0 → −∞ returns us to the Bunch-Davies state, β(s) = 0.
Sufficiently short wavelength, observable modes will also have
β(s) = 0.
frame. The details of the shape, however, depend on
the k−dependence of the α and β coefficients. In the
β
(s)
k = β
(t)
k = 0 case these terms (and hence the observed
squeezed limit) vanish [5, 13].
2.2. Enhanced fossil signature in locally anisotropic
scalar fluctuations
The scalar-scalar-tensor correlation can be used to es-
timate the magnitude of an unseen tensor mode γp(K)
through observations of local anisotropy in scalar modes.
In general, if scalar curvature perturbations ζ are coupled
to an unobservable fossil field with an isotropic scalar-
scalar-fossil three-point function, the local power spec-
trum evaluated in the presence of a tensor field realiza-
tion is [9, 14]
〈ζ(k1)ζ(k2)〉γ = (2pi)3δ3(k1k2)Pζ(k)
+
∑
p
∫
d3K
(2pi)3
(2pi)3δ3(k1 + k2 +K)
× γ∗p(K)
Bp(K, k1, k2)
P pγ (K)
. (13)
Each pair of scalar modes whose momenta add to K
can be used to give an estimator for γp(K). The mini-
mum variance estimator obtained from all such pairs has
some uncertainty, which is quantified by the noise power
spectrum Pnp (K), as defined in Eq. (5) of [9]:
[Pnp (K)]
−1 =
∑
k
B2p(K, k, |K− k|)
2V P pγ (K)2P totζ (k)P
tot
ζ (|K− k|)
, (14)
where P totζ (k) is the measured scalar power spectrum,
including signal and noise, and V ≡ (2pi/kmin)3 is the
volume of the survey. Going to the continuous limit∑
k → V
∫
d3k/(2pi)3 and making use of Eqs. (5), (6)
and (9), we find
[Pnp (K)]
−1 = |α(t)K + β(t)K |−4
∫ kmax
kmin
d3k
(2pi)3
|α(s)k + β(s)k |−2
×|α(s)|K−k| + β(s)|K−k||−2
k4 sin4 θ cos2 2φ
8k3|K− k|3
×
[
(α
(t)
K + β
(t)
K )(α
(s)
k + β
(s)
k )
×(α(s)|K−k| + β(s)|K−k|)I˜ +c.c.]2 , (15)
where I˜ denotes the quantity in brackets in Eq. (9). Here
we have followed [9] by approximating Pζ(k)/P
tot
ζ (k) ' 1
for k < kmax and Pζ(k)/P
tot
ζ (k) ' 0 for k > kmax, where
kmax is the smallest scale at which the power spectrum
can be measured. We have also taken K to be in the
zˆ direction, so that the polarization tensor pij takes the
form +xx = −+yy = 1 for the + polarization, and ×xy =
×yx = 1 for the × polarization, with all other components
5zero. This yields the factor cos2 2φ for the + polarization,
as shown above; the × polarization yields a factor of
sin2 2φ instead, but the integral is identical.
We will take α
(s),(t)
k and β
(s),(t)
k to be constant for the
observable range kmin < k < kmax, and consider possible
k-dependence later in this section.3 We will also take the
time η0 at which we specify the initial state for inflation
to be early enough so that all modes of interest are well
inside the horizon, |kiη0|  1. Furthermore, due to the
limited resolution of modes in a finite volume, only con-
figurations for which k1 − k2 + k3 & kmin (and similarly
for other permutations) will contribute to the observable
signal. Since we assume |kminη0|  1, the terms in the
second line of Eq. (10) oscillate rapidly and will average
to zero when we integrate over k, so we discard them
from now on. The k → kmax limit dominates the inte-
gral4, and the second and third terms5 of Eq. (10) are
enhanced by a factor of kK in the middle four permuta-
tions in Eq. (9), so the bispectrum scales as k−2K−4
in the squeezed limit K  k. As long as βk is not too
small (which we will quantify below), these terms domi-
nate the integral. (The coordinate transformation term
from Eq. (13) scales as k−3K−3, as do the subdominant
permutations in Eq. (9), and can thus be ignored.)
The angular dependence in the denominator of these
terms, eg. k1 − k2 + k3 = K(1 + cos θ), contributes a
divergence in the collinear or flattened limit. Dropping
factors of (constant) α and β for now and cutting off
the angular integral at θmin ' kmin/K and θmax ' pi −
kmin/K, we find
[Pnp (K)]
−1 ∝ pi
40(2pi)3
k5max
K2
∫ θmax
θmin
dθ sin5 θ
(
4
sin4 θ
)2
∝ 16pi
40(2pi)3
k5max
K2
(
K
kmin
)2
(16)
Restoring factors of α and β and using the normalization
conditions, Eq. (3), we have
[Pnp (K)]
−1 =
k3max
20pi2
(
kmax
kmin
)2
F−1(β(s), β(t),Θ(s),Θ(t)),
(17)
3 In the limit of large k, β
(s),(t)
k must approach zero sufficiently
quickly or vanish above some scale so that back-reaction con-
straints on the energy density are met [26, 44].
4 There is also a divergence in the collinear limit for K < k, but
upon cutting off the integral with kmin, this gives a subdominant
contribution, which is completely negligible in the K → kmin
limit that dominates the final result, Eq. (19).
5 In fact, only the third term will matter, but we will include both
for completeness.
where
F−1(β(s), β(t),Θ(s),Θ(t))
= β(s)2(1 + β(s)2)
×
[(
1 + 2β(t)2 + 2
√
β(t)2(β(t)2 + 1) cos Θ(t)
)
×
(
1 + 2β(s)2 + 2
√
β(s)2(β(s)2 + 1) cos Θ(s)
)]−2
×
[(√
1 + β(s)2eiΘ
(s)
+ β(s)
)2
×
(√
1 + β(t)2eiΘ
(t)
+ β(t)
)
×
(√
1 + β(t)2e−iΘ
(t) − β(t)
)
e−iΘ
(s)
+ c.c.
]2
,
(18)
where β(s) ≡ |β(s)k |, β(t) ≡ |β(t)k |, and Θ(s) and Θ(t) are
the relative phases between α(s) and β(s), and α(t) and
β(t), respectively. Note that the factor of (kmax/kmin)
2
in Eq. (17) comes from the k−2K−4 scaling of the non-
Bunch-Davies bispectrum as described above.
The estimates for each mode γp(K) can be combined
to give a minimum variance estimator for the power Aγ ≡
K3P pγ (K) = 2
H2
M2p
|α(t)k + β(t)k |2 in tensor fluctuations (we
assume a nearly scale invariant tensor power spectrum).
The overall variance is obtained by summing over the
inverse variances from each K [9]:
σ−2γ ≡
1
2
∑
K,p
[
K3Pnp (K)
]−2
. (19)
We see from Eq. (17) that Pnp (K) is independent of K
in the regime we are considering, and the sum over po-
larizations simply gives a factor of two, so the variance
of the estimator for Aγ is given by σ
2
γ =
3
4pik
6
min(P
n
p )
2. If
we require a 3σ detection of Aγ , the minimum detectable
amplitude for the tensor power spectrum is
3σγ = 30pi
√
3pi
(
kmax
kmin
)−5
F (β(s), β(t),Θ(s),Θ(t)). (20)
The minimum value of kmax/kmin needed for a survey
capable of detecting primordial tensor modes of a given
amplitude is found by setting the detection threshold of
Eq. (20) equal to the tensor amplitude Aγ .
In 1 we show the dependence of the survey size re-
quired to detect tensor modes on the initial state param-
eters β(s) and β(t), for two values of the tensor-to-scalar
ratio r and two pairs of values for the angles Θ(s),Θ(t).
For a given survey volume V = (2pi/kmin)
3, the contour
lines determine values of kmax required to make a detec-
tion. (The effect of the overall bispectrum and tensor
power spectrum amplitudes on the signal is somewhat
obscured by their complicated dependence on the Bo-
goliubov transformation parameters, and is shown more
simply in Figure 2 below.)
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FIG. 1: Contour plot of the minimum survey size kmax/kmin needed to detect the effect of primordial tensor fluctuations
through off-diagonal contributions to the scalar power spectrum, in terms of scalar and tensor Bogoliubov parameters β(s), β(t),
for different values of the tensor-to-scalar ratio r and non-Bunch-Davies phases Θ(s),Θ(t). The scales kmin and kmax are the
longest and shortest observable scales (at which scalar modes are excited). The dashed line at β(s) = 0.1 indicates the back-
reaction bound β(s) . 0.1 (this does not apply in the Θ(s) = pi case [44]). The dark shaded region is ruled out by the Planck
constraint fNBD2NL = 0.2± 0.4. For Θ(s),(t) = pi the power spectra decrease rather than increase with β(s),(t), leading to different
behavior.
As expected, the three-point correlation is stronger for
larger β(s), resulting in a smaller minimum survey size.
Although one might expect the increase in the tensor
power spectrum Pγ for larger β
(t) to universally decrease
the minimum survey size, a larger β(t) also affects the
variance of the estimator for Pγ and can, depending on
the phases, increase or decrease the minimum survey size.
In order to have inflation we require  < 1, which con-
strains the (β(s), β(t)) parameter space if we also fix r in
Eq. (7). This is shown in Figure 1 in the form of curves of
fixed . Furthermore, it was shown in [44] that requiring
(i) that the energy density from the excited modes not
7spoil the slow roll evolution, and (ii) that the observed
power spectrum be nearly scale-invariant, rules out large
occupation numbers β(s)  1 but allows for β(s) . 0.1.
This bound is indicated in Figure 1 as a dashed line, and
is relaxed in the Θ(s) = pi case [44].
Planck constraints on non-Gaussianity [45] impose an
observational bound on β(s) by constraining fNBD2NL =
0.2±0.4, where fNBD2NL parameterizes the amplitude of the
bispectrum.6 This parameter is related to the squeezed
limit of the bispectrum,7
fNL≡ lim
kLkS
1
4
Bζ(kL, |kS − kL/2|, | − kS − kL/2|)
Pζ(kL)Pζ(kS)
, (21)
by a factor of fNBD2NL = O(1)kLkS fNL. In Eq. (21), Bζ is
the 〈ζ3〉 bispectrum [20, 35] for the initial state in Eq.
(2). Taking the squeezed limit we find8
fNL=

2|β(s)| kSkL cos Θ(s), |β(s)|  1
1
2
kS
kL
f(Θ(s)), |β(s)|  1, Θ(s) 6= pi
−8|β(s)|4 kSkL , |β(s)|  1, Θ(s) = pi,
(22)
where f(Θ(s)) = (3 + 2 cos Θ(s) − cos 2Θ(s))/(1 +
cos Θ(s))2. From Eq. (7) we see that for a given r the
Planck constraints on fNBD2NL impose a bound on the Bo-
goliubov parameters. This bound is also shown in Figure
1 (which includes the full squeezed-limit dependence on
β(s), although we have only shown the limiting cases in
Eq. (22)).
Note that depending on the phases, the dependence
on β(s) and β(t) can be quite different [44]. For Θ(s) = 0
the theoretical constraint from requiring  to be small is
stronger than the observational constraint from Planck
bounds on non-Gaussianity, consistent with the conclu-
sions of [44, 46] that observable non-Gaussianity is not
expected in the CMB from Bogoliubov initial states. On
the other hand, for Θ(s) = pi the observational constraints
play a significant role.
In the case of a smaller speed of sound cs < 1, the
〈ζ3〉 bispectrum receives a new contribution that is zeroth
order in slow roll [25], with amplitude fNL ∝ 1−c
2
s
c2s
kS
kL
.
This results in a stronger constraint on β(s) for smaller
cs. For |β(s)|  1 the amplitude is proportional to |β(s)|,
so for cs = 0.02, saturating the constraint from Planck
on equilateral and orthogonal non-Gaussianity [45], we
have |β(s)| . 10−2.
6 Note that in Eq. (14) of [45], fNBD2NL is written as f
NBD1
NL .
7 In [45], fNBD2NL is the amplitude for a slightly different bispectrum
template than that obtained from a Bogoliubov initial state,
which has additional dependence on β(s) and Θ(s) that mildly
affects the momentum dependence, although the behavior in the
squeezed and flattened limits is the same. The constraints shown
in 1 are therefore approximate.
8 We omit O(1) factors from the angular dependence in the bis-
pectrum.
Returning to the present calculation, note that for very
small β(s), all terms with β(s) in the bispectrum, Eq. (9),
become negligible, and the threshold amplitude appears
to be 3σγ = 30pi
√
3pi(kmax/kmin)
−3 [9]. In this limit
the coordinate transformation Eq. (13) to the observer’s
frame of reference becomes significant and the squeezed-
limit signal vanishes. In order for the non-Bunch-Davies
terms to dominate in Eq. (15) we need F−1 ∝ β(s)2 for
β(s)  1, so
(β(s))2
(
kmax
kmin
)2
 1. (23)
If we were to include the other terms in Eq. (15) in
the above calculation, we would have found fractional
corrections to the result Eq. (20) of order 1
β(s)
kmin
kmax
.
In the case of a sharp cutoff Λ < kmax within the ob-
servable range, above which scalar modes are not excited,
all terms with β
(s)
k vanish for k > Λ, so we cut off the inte-
gral in Eq. (15) at Λ. The final result is then modified to
σγ ∝ (Λ/kmin)−5, so the plots in Figure 1 indicate a lower
bound on the required kmax, which is saturated for β
(s)
k
nonzero over the entire range of observed modes. Alter-
natively, the contour lines can be thought of as showing
Λ/kmin, giving the scale Λ up to which scalar modes in
the initial state would have to be excited to leave a de-
tectable signature,9 assuming it is possible to probe this
scale observationally. The signal from the non-Bunch-
Davies modes is dominant as long as the terms consid-
ered above in Pnp (K) still dominate the integral. This is
true if
(β(s))2
Λ5
k3maxk
2
min
 1. (24)
In comparison to Eq. (23), an extra factor of (Λ/kmax)
5
comes from the change in the upper limit. If Λ is too
small this condition will no longer be satisfied: there will
be too few excited modes in the observable range to pro-
duce a detectable signal.
We can also consider a power law parameterization,
|βk|2 = β2(k/k∗)−δ, where k∗ functions like the cutoff Λ.
If we consider the limit of small β, so O(β2) terms in
the bispectrum can be dropped, then we simply pick up
an extra factor of (k/k∗)−δ in the integral in Eq. (15),
which leads to an extra factor of (k∗/kmax)−δ in Eq. (20),
and a factor (kmax/k∗)−δ in Eq. (23). The step function
therefore mimics the power law behavior for δ = 5.
9 We assume tensor modes are also excited up to this scale; for
tensor modes excited over fewer scales, the dependence on the
occupation number β(t) would be weakened.
83. GENERAL CONDITION FOR
SCALAR-SCALAR-FOSSIL CORRELATION
Although we have computed the very specific effect of
a modified initial state with Bogoliubov coefficients, we
can easily generalize the result to see the effect of long-
wavelength fossil modes on local scalar fluctuations more
generally. We will consider the squeezed limit of a factor-
izable three-point function with power law dependence,
and compute σf (in the following we will change ‘γ’ sub-
scripts to ‘f ’ for a generic fossil field). The squeezed limit
is parameterized by an amplitude fζζf , with additional
power law dependence for the long and short-wavelength
modes,
B(kL, k2, k3) = fζζfPf (kL)Pζ(kS)
(
kS
kp
)mS (kL
kp
)mL
,
(25)
where kL  k2 ' k3 ≡ kS , and we ignore any angular
dependence. For a nearly scale-invariant power spectrum
and bispectrum, nf ' 0 and mS + mL ' 0. We param-
eterize the power spectrum as Pf (k) ≡ Afk3
(
k
kp
)nf−3
. If
we require a detection of significance of α ≡ Af/σf stan-
dard deviations, then we arrive at an inequality relating
the survey size, strength of the fossil correlation, ampli-
tude of curvature and fossil fluctuations, and runnings
of the tensor power spectrum and squeezed-limit three-
point function,
1
C
f2ζζfAf
(
kmax
kmin
)2mS+3
> α (26)
where
C ≡ 2pi3/2(2mS + 3)(3− 4mL − 2nf )1/2, (27)
and we have chosen kp = kmin. We have assumed that the
integral over k for the noise power spectrum is dominated
by the upper limit, and the integral over K for σ−2f is
dominated by the lower limit, so that the signal comes
from the squeezed limit K  k; this requires that mS >
−3/2 and 4mL + 2nf − 3 < 0.
Eq. (26) shows that a detectable fossil signal would
require either a nonzero positive value of mS (and thus
for scale invariant bispectra a strong divergence in the
K → 0 limit) as in the case above, a large bispectrum
amplitude, and a sufficiently large amplitude of fossil field
fluctuations. If the bispectrum is not proportional to
Af , that is, if fζζf as defined above depends on Af , the
effect of the fossil amplitude on the signal strength can
be different and may even be reversed, counterintuitively.
In the case considered above of a primordial gravi-
tational wave fossil field and non-Bunch-Davies initial
state with constant Bogoliubov coefficients, mL = −1
and mS = 1, leading to a stronger signal. Letting f → γ
in Eq. (26) and setting α = 3 we can find the required
kmax/kmin for a 3σ detection. In 2 we show the depen-
dence of this number on fζζγ and the tensor-to-scalar
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FIG. 2: Contour plot of kmax/kmin for a 3σ detection of the
gravitational fossil in off-diagonal contributions to the scalar
power spectrum, in terms of the tensor-to-scalar ratio r and
scalar-scalar-tensor bispectrum amplitude fζζγ , assuming a
stronger-than-local squeezed limit (mS = 1, mL = −1 in
Eq. (26)). The signal is proportional to f2ζζγAγ . We set
r = Aγ/(2.2× 10−9) and take nt ' 0.
ratio.10 As expected, increasing either the bispectrum or
tensor power spectrum increases the level of detectability
of the tensor modes. For a sufficiently large three-point
correlation with K−4 behavior in the squeezed limit, and
large enough tensor fluctuations, the signal would be
within the observable range.
For the Bogoliubov initial state, we have fζζγ = O(1)×√
F−1(β(s), β(t),Θ(s),Θ(t)). Thus, each point in Figure
(2) at r = 0.1 or r = 0.01 corresponds to a one-parameter
family of values of β(s),(t) in Figure 1, if we fix Θ(s),(t).
4. QUADRUPOLAR ANISOTROPY AND
SUPERHORIZON MODES
We have computed the fossil signature in off-diagonal
correlations of the scalar power spectrum, which is in-
sensitive to superhorizon tensor modes, since we cannot
resolve scalar modes k2 and k3 separated by |k2 + k3| =
K < a0H0. However, the tensor nature of the gravita-
tional fossil can also give rise to a quadrupolar modula-
10 We include the angular dependent factor pij kˆ
ikˆj to the bispec-
trum with a spin-2 polarization tensor as described above in Sec-
tion 2.2, which leads to an extra factor of 4
15
in Eq. (26).
9tion of the scalar power spectrum [14], introducing both
statistical inhomogeneity and anisotropy. This signature
is sensitive to superhorizon fossil modes if the squeezed-
limit bispectrum is strong enough.
Consider a general scalar-scalar-tensor bispectrum
with squeezed limit
lim
kLkS
Bp(kL,kS ,−kL − kS)
= fζζγPζ(kS)P
p
γ (kL)
×
(
kL
kP
)mL (kS
kp
)mS
pij kˆ
i
S kˆ
j
S , (28)
where kp and kP are pivot scales, which we allow to be
different as we are interested in kL and kS in different
ranges,. ie. superhorizon kL coupling to subhorizon kS .
This bispectrum contributes to the scalar two-point func-
tion on a fixed tensor background, Eq. (13). Fourier
transforming to real space, we can identify the power
spectrum Pζ(k) =
∫
d3x′e−ik·x
′〈ζ(x)ζ(x+ x′)〉γ , as out-
lined in Appendix A of [14]. We find
Pζ(k,x)|γ = Pζ(k)
[
1 + fζζγγ
(mL)
ij (x)kˆ
ikˆj
(
k
kp
)mS]
,
(29)
where
γ
(mL)
ij (x) =
∑
p
∫
L−1
d3K
(2pi)3
eiK·xγp(K)pij
(
K
kP
)mL
.
(30)
The quadrupolar anisotropy varies spatially with the ten-
sor background, and depending on the squeezed limit be-
havior, it is more or less sensitive to longer-wavelength,
superhorizon tensor modes. The infrared cutoff scale L−1
is introduced because we do not expect Eq. (28) to be
valid for arbitrarily small kL (for example, bispectra com-
puted from an effective field theory will be limited by the
range of scales described by the theory). Note that the
additional k-dependence from mS will affect the observed
spectral index, an effect which was explored more gener-
ally in [47].
In the non-Bunch-Davies case with excited scalar
modes β
(s)
k 6= 0 overlapping with observable scales, mL =−1 and the local quadrupole anisotropy is modulated
by the longest wavelength (∼ L) tensor modes and thus
varies less spatially. Note that whereas the off-diagonal
fossil signature computed in Section 2 probes the corre-
lation of observable scalar modes with longer but sub-
Hubble tensor modes, whereas the quadrupole signature
probes their correlation with superhorizon tensor modes.
Both effects, however, originate in the excitation of the
scalar modes in the initial state.
5. CONCLUSION
We have computed the gravitational fossil signature
in off-diagonal correlations in the scalar two-point func-
tion, from a primordial scalar-scalar-tensor three-point
function 〈γp(k1)ζ(k2)ζ(k3)〉 for excited Bogoliubov ini-
tial states for both the scalar and tensor modes. The
bispectrum is largest in the squeezed and flattened limit
k2 ≈ k3  k1, k2 + k1 ≈ k3 (or k2 − k1 ≈ k3), character-
ized by an unusually strong k−41 dependence, under the
assumption that α(s),(t) and β(s),(t) are constant. The
fossil signature is obtained by summing over all measur-
able off-diagonal pairs of scalar modes. Depending on
the amplitudes and phases of the Bogoliubov coefficients,
the survey size needed for a detection can be as small as
kmax/kmin ∼ 102, within the reach of current surveys.
We have also given, in Section 3 a phenomenological
parameterization for the off-diagonal fossil signature in
terms of the amplitude of fossil fluctuations, and ampli-
tude and squeezed-limit scaling d lnBd ln kL of a scale-invariant
scalar-scalar-fossil bispectrum. This illustrates the nec-
essary criteria for any primordial correlation to satisfy
in order to leave an observable imprint. The mode cou-
pling introduced by the initial state can also lead to a
gravitational fossil signature in the form of a quadrupole
anisotropy in the scalar power spectrum, with greater
sensitivity to longer wavelength tensor modes, as de-
scribed in Section 4.
Here we have studied the effect on the scalar and tensor
perturbations from a non-Bunch-Davies initial state im-
printed by unknown pre-inflationary dynamics. In the
Bunch-Davies case the clock of the inflationary back-
ground dynamics determines the statistics of the fluctu-
ations. The attractor behavior forbids correlations form-
ing with modes that have crossed the horizon, and cor-
relations forming with very subhorizon modes are ex-
ponentially suppressed [44]. Consequently, correlations
between modes of very different wavelength are disal-
lowed, and the squeezed-limit bispectrum vanishes. Pre-
inflationary dynamics, on the other hand, can result in
excited modes at the onset of inflation so that the am-
plitude of fluctuations on scale k is not purely deter-
mined by the background evolution (H2/
√
 when the
mode crosses out of the inflationary horizon). If sub-
horizon scalar modes are excited, they can now correlate
to longer tensor modes when the tensor modes cross the
horizon, before they become part of the classical back-
ground, resulting in a large squeezed-limit bispectrum.
From Eq. (9) we see that β
(s)
k 6= 0 is the necessary and
sufficient condition for the B ∝ k−2K−4 squeezed limit
scaling (β(t) 6= 0 allows the tensor modes to be influenced
by an additional clock, and to correlate with other modes
before crossing the horizon, but they could not couple to
shorter scalar modes unless they too were excited). In
the same way, in order for short tensor modes to couple
to long scalar modes through the ζγγ interaction, the
tensor modes would have to be excited when deep inside
the horizon, requiring that β
(t)
k 6= 0. (Classically, a real-
ization of short-wavelength modes of one field XS can be
adjusted to be correlated with a fixed realization of long-
wavelength modes of a field XL, but not vice versa. So
it is the XS modes that must be influenced by dynamics
other than those of the inflationary background if they
10
are to couple to XL.)
A new clock influencing the fluctuations can also come
from additional dynamics during inflation from a non-
inflaton sector. For example, although tensor perturba-
tions always arise from the vacuum, they can also be gen-
erated via particle production and decay of other fields
during inflation. Depending on whether this production
dominates over the vacuum fluctuations and on the re-
lation between the inflaton dynamics and dynamics gov-
erning particle production, the scalar and/or tensor per-
turbations may be governed by a clock other than the
inflationary background. The usual intuition that non-
Gaussianity in the gravitational sector is small compared
to that in the scalar sector doesn’t have to hold, as was
recently shown by [8]. In the typical particle production
scenario the non-Gaussianity is not of the local type, but
it would be very interesting to explore the range of phys-
ical mechanisms, and conditions on additional dynamics
before or during inflation that would be necessary to gen-
erate squeezed-limit mode coupling of scalar and/or ten-
sor modes. For example, one might ask if governing both
scalar and tensor perturbations with the same dynamics,
but different from the inevitable fluctuations from infla-
tion, could remove any coupling between scalar and ten-
sor modes. If this is possible, the tensor modes may not
be as clear a diagnostic of the inflationary background
(and classical evolution of the inflaton) as we currently
hope they are.
The fossil signature studied here comes from the min-
imal gravitational coupling of the inflaton. Fossil sig-
natures may also come from coupling of the inflaton to
other sectors or from nonminimal coupling to gravity. It
could be interesting to investigate conditions on such cou-
plings that allow for an observable fossil signature, sub-
ject to observational constraints, for example on isocur-
vature modes.
Modulation of local statistics by a fossil field may also
be worth investigating in light of anisotropy features
on large scales in the CMB [48]. Superhorizon scalar
curvature modes coupled to scalar modes on observable
scales with an anisotropic 〈ζζζ〉 bispectrum can lead to
an observable power asymmetry [49]. It would be inter-
esting to see under what conditions the squeezed-limit
coupling to superhorizon modes of another field can be
strong enough to give rise to such effects. A non-Bunch-
Davies initial state or additional dynamics before or
during inflation may introduce greater sensitivity of ζ to
background modes of other fields, as seen here for tensor
modes.
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